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Pattern Languages
@000

Pattern languages 1/2

Y: Finite alphabet of terminal symbols (e.g. ¥ = {a, b,c,d}).
X = {x1,x2,x3,...}: Infinite alphabet of variables.

A word a € (XU X)" is called a pattern.
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Basic Definitions

Morphism: Mapping h: [F — 5 with h(x - y) = h(x) - h(y);
h is nonerasing iff, for every a € 'y, h(a) # e.

Substitution: Morphism h: (¥ U X)* — X* with h(a) = a for all
acy.

Le s (a) == {h(c) | h is a substitution}.

Lye s (o) := {h(a) | his nonerasing substitution}.
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Pattern languages 2/2

= X1 aa x» x3 Xp cb X3
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Pattern Languages
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Pattern languages 2/2

= X1 aa X X3 Xp cb X3

acaaabcbaacabcbacbac
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Pattern Languages
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Pattern languages 2/2

= X1 aa X X3 X cb xq

acaaabcbaacabcbacbac
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Pattern languages 2/2

= X1 aa X X3 X cb xq
acaaabcbaacabcbacbac

Lngfapcy(a) ={w |w=wvaavuvcbuuve{ab, c}t}
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Pattern languages 2/2

= X1 aa X X3 X cb xq
acaaabcbaacabcbacbac
Lnefapci(0) ={w |w=wvaavuvcbuuve{abc}}

ccbaaccbebeeh € Lng {ap,c} ()

Daniel Reidenbach, Markus L. Schmid, Loughborough University, UK

Regular and Context-Free Pattern Languages Over Small Alphabets



Pattern Languages
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Pattern languages 2/2

= X1 aa X X3 X cb xq
acaaabcbaacabcbacbac
Lnefapci(0) ={w |w=wvaavuvcbuuve{abc}}

ccbaaccbebeeh € Lng {ap,c} ()
ccbaaccbebech € Lg fap oy (@)
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Notation

var(a): Set of variables occurring in a.
E.g. var(xyabxobaxixocxs) = {x1,x2, x3}.

|a|x;: Number of occurrences of variable x; in a.
E. g- ’XlabXQbaX;[XQCX3‘X2 = 2.

REG := regular languages,

CF := context-free languages,

CS := context-sensitive languages,

Z € {E,NE}, Z-PATy = Z-Pattern Languages (w. r. t. X).
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Regularity and Context-Freeness
00000000000

Pattern Languages and the Chomsky Hierachy

o Pattern languages are somewhat “orthogonal” to the Chomsky
hierarchy, i.e., for every Z € {E,NE} and every ¥ with
|| > 2:
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Pattern Languages and the Chomsky Hierachy

o Pattern languages are somewhat “orthogonal” to the Chomsky
hierarchy, i.e., for every Z € {E,NE} and every ¥ with
|| > 2:
e Z-PATy C CS,
o Z-PATy # REG, Z-PATyx #CF,
o Z-PATs NREG # 0, Z-PATs NCF # 0.
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Pattern Languages and the Chomsky Hierachy

o Pattern languages are somewhat “orthogonal” to the Chomsky
hierarchy, i.e., for every Z € {E,NE} and every ¥ with
|| > 2:
e Z-PATy C CS,
o Z-PATy # REG, Z-PATy # CF,
o Z-PATs NREG # 0, Z-PATs NCF # 0.
@ The sets Z-PATy NREG and Z-PATy N CF are surprisingly
difficult to characterise.

Daniel Reidenbach, Markus L. Schmid, Loughborough University, UK

Regular and Context-Free Pattern Languages Over Small Alphabets



Regularity and Context-Freeness
0O®@000000000

Notation

Lgs(a) € REG & « € REG (E, X),
Lz 5(a) € REG, for every Z € {E,NE} & o € REG (Z, X).
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EES

x1axobxzcxg € REG (NE, {a,b, C,d}),
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EES

x1axobxzcxg € REG (NE, {a,b, C,d}),

x1 x2 x2 x3 € REG (NE, {a,b}).
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EES

x1axobxzcxs € REG (NE, {a,b, C,d}),
x1 x2 x2 x3 € REG (NE, {a,b}).

Jain et al., 2010:
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EES

x1axobxzcxs € REG (NE, {a,b, C,d}),
x1 x2 x2 x3 € REG (NE, {a,b}).

Jain et al., 2010:
@ x1x2x3ax2 X4 X4 X5 ax6 x5 x7 € REG (E, {a,b}),

@ x1xpXx3aXx2 X4 X4 X5 b X6 x5 x7 € REG (E, {a,b,c}),

Daniel Reidenbach, Markus L. Schmid, Loughborough University, UK

Regular and Context-Free Pattern Languages Over Small Alphabets



Regularity and Context-Freeness
00@00000000

EES

x1axobxzcxs € REG (NE, {a,b, C,d}),
x1 x2 x2 x3 € REG (NE, {a,b}).
Jain et al., 2010:
@ x1x2x3ax2 X4 X4 X5 ax6 x5 x7 € REG (E, {a,b}),
@ x1xpXx3aXx2 X4 X4 X5 b X6 x5 x7 € REG (E, {a,b,c}),

e axjaxpaxyaxs € CF\REG, (Z, {a,b}),
@ xraxabxsaxabxs € CF\REG (Z, {a,b,c}).
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EES

x1axobxzcxs € REG (NE, {a,b, C,d}),
x1 x2 x2 x3 € REG (NE, {a,b}).
Jain et al., 2010:
@ x1x2x3ax2 X4 X4 X5 ax6 x5 x7 € REG (E, {a,b}),
X1 X2 X3 X2 X4 X4 X5 b X6 x5 x7 € REG (E, {a,b,c}),

°
e axjaxpaxyaxs € CF\REG, (Z, {a,b}),
@ xraxabxsaxabxs € CF\REG (Z, {a,b,c}).

X1 aX2X32bX4X3X5X6X72X8X9X5X3 axyXsXgXgX10bX112Xx10bX713 ax14x15bx152x162bx17

€ REG (E, {a,b}).
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Regular and Block-Regular Patterns 1/2

o Regular patterns
o A pattern is a regular pattern iff every variable has only one
occurrence,
@ e.g,xiaxabxzcxy.
o Zc {E,NE}, Z-PAT5 oz = Z-Pattern Languages (w. r. t. )
defined by regular patterns.
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Regular and Block-Regular Patterns 1/2

@ Regular patterns
o A pattern is a regular pattern iff every variable has only one
occurrence,
@ e.g,xiaxabxzcxy.
o Zc {E,NE}, Z-PAT5 oz = Z-Pattern Languages (w. r. t. )
defined by regular patterns.
@ Block-regular patterns

o A pattern is a block-regular pattern iff every variable block
contains a variable with only one occurrence in the whole
pattern,

@ €.g., X1X2aX1X3X4X1Xq b x5 x5 X4 C X7,

o Zc {E,NE}, Z-PATs jre; = Z-Pattern Languages (w. r. t. X)
defined by block-regular patterns.
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Known Characterisations

e Jain et al. show that if |[X| > 4, then
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Known Characterisations

e Jain et al. show that if |[X| > 4, then

E-PATs g = E-PATs preg = (E-PATs NREG) = (E-PATs N CF).

o If |¥| =1and Z € {E,NE}, then Z-PATy = (Z-PATx NREG).

@ Jain et al. show that a terminal-free pattern « describes a
regular (context-free) E-pattern language iff at least one
variable in « has only one occurrence.
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Known Characterisations

e Jain et al. show that if |[X| > 4, then

E-PATs g = E-PATs preg = (E-PATs NREG) = (E-PATs N CF).

o If |¥| =1and Z € {E,NE}, then Z-PATy = (Z-PATx NREG).

@ Jain et al. show that a terminal-free pattern « describes a
regular (context-free) E-pattern language iff at least one
variable in « has only one occurrence.

@ Hard cases:

o NE case in general,
o E case for alphabets of size 2 and 3.
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Repeated Variables

Theorem (Jain et al., 2010)

Let |X| > 2 and let « € X . If, for every x € var(a),
then o ¢ CF (E, X) and o ¢ REG (NE, X).

a’X Z 21
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Repeated Variables

Theorem (Jain et al., 2010)

Let |X| > 2 and let « € X . If, for every x € var(a),
then o ¢ CF (E, X) and o ¢ REG (NE, X).

a’X Z 21

Theorem

Let |[X| > 2 and let o« € (XU X)T. If, for every x € var(a),
lalx > 2, then a ¢ REG (Z, X).

Theorem

Let |£] > 3 and let o € (XU X)T. If, for every x € var(a),
la|x > 2, then o ¢ CF (Z, X).
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Spread Variable Blocks

Theorem

Let ¥ be terminal alphabets with |¥| < 3 and let Z € {E,NE}. Let
« be a pattern with

a=p-d-v-d -6, whered,d € ¥,ve X™.

If var(y) C var(B) Uvar(d), then o ¢ REG (Z, ¥').
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Our Scope

We now focus on
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Our Scope

We now focus on

o E case,
@ patterns with terminal symbols and

@ patterns with variables that are not repeated.
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Example

E case:

IX|=2: x1 a x2 x2 a x3 € REG,
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Example

E case:

IX|=2: x1 a x2 x2 a x3 € REG,
X >3: x1 ax x2 a x3 ¢REG,
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Example

E case:

IX|=2: x1 a x2 x2 a x3 € REG,
X >3: x1 ax x2 a x3 ¢REG,
IX|=2: x1 a x2 x2 b x3 € REG,

Daniel Reidenbach, Markus L. Schmi ughborough Universit

Regular and Context-Fre ttern Languages Over Small Alphabets



Regularity and Context-Freeness
00000000800

Example

E case:

X =2:
|X| > 3:
X =2:
|| >3:

X1
X1
X1

X1
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a Xp X2 a X3
a X2 X2 a X3
a X2 X2 b Xx3

a X2 X2 b Xx3

€ REG,
¢ REG,
€ REG,
¢ REG.
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Example

E case:

IX|=2: x1 a xp x2 a x3 € REG, x; a(bb)*a x3
X >3: x1 ax x2 a x3 ¢REG,

IX|=2: x31 axx x2 b x3 €REG, x; ab x3

X >3: x1 axx xo b xz3 ¢REG.
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Example

E.NE case ,|[X|=2: x a xp 2 x2 a x3 ¢ REG,
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Example

E.NE case ,|[X|=2: x a xp 2 x2 a x3 ¢ REG,
E,NE case ,|[X|=2: x; a x2 a x2 b x3 ¢ REG,
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Example

E.NE case ,|[X|=2: x a xp 2 x2 a x3 ¢ REG,
E,NE case ,|[X|=2: x; a x2 a x2 b x3 ¢ REG,
Ecase,|Z[=2: x1 axxbxx ax3s €REG,
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Example

E.NE case ,|[X|=2: x a xp 2 x2 a x3 ¢ REG,
E,NE case ,|[X|=2: x; a x2 a x2 b x3 ¢ REG,
Ecase,|Z[=2: x1 axxbxx ax3s €REG,
NE case ,|X|=2: x3 a x2 b xx a x3 ¢REG,
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Example

E.NE case ,|[X|=2: x a xp 2 x2 a x3 ¢ REG,
E,NE case ,|[X|=2: x; a x2 a x2 b x3 ¢ REG,
Ecase,|Z[=2: x1 axxbxx ax3s €REG,
NE case ,|X|=2: x3 a x2 b xx a x3 ¢REG,
E,NE case ,|Z|>3: x1 axx b xx a x3 ¢REG.
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Example

E.NE case ,|[X|=2: x a xp 2 x2 a x3 ¢ REG,
E,NE case ,|[X|=2: x; a x2 a x2 b x3 ¢ REG,
Ecase,|X|=2: xy axxbxxax3s €REG, x3 a (bb)da x3
NE case ,|X|=2: x3 a x2 b xx a x3 ¢REG,
E,NE case ,|Z|>3: x1 axx b xx a x3 ¢REG.
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Example

E,NE case ,|X|=2: x1 a x2 x2 a x3 x3 a xa ¢ REG,
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Example

E,NE case ,|X|=2: x1 a x2 x2 a x3 x3 a xa ¢ REG,

Ecase,|X|=2: x12ax x2bx3 x3ax €REG,
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Example

E,NE case ,|X|=2: x1 a x2 x2 a x3 x3 a xa ¢ REG,

Ecase,|X|=2: x12ax x2bx3 x3ax €REG,

NE case ,|X|=2: x31 2ax2 x2 b x3 x3 a xa ¢ REG,
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Example

E,NE case , |X|=2:
E case,|X|=2:

NE case ,|X|=2:
E case,|X| >3:

Daniel Reidenbach, Markus L. Schmi

X1

X1

X1

X1

a Xo2 Xo a X3 X3 a X4

a x> Xob X3 X3 axg

axx»bxzx3ax

axyxobxz x3ax
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Example

E,NE case ,|X|=2: x1 a x2 x2 a x3 x3 a xa ¢ REG,

Ecase,|X|=2: x12ax x2bx3 x3ax €REG,
NE case ,|X|=2: x31 2ax2 x2 b x3 x3 a xa ¢ REG,

E case ,|X|>3: x12ax x2bx3 x3axs ¢REG,

Ecase ,|X|=2: x12ax x2x ax3 x3bxs €REG,

Daniel Reidenbach, Markus L. Schmid, Loughborough University, UK

Regular and Context-Free Pattern Languages Over Small Alphabets



Regularity and Context-Freeness
0000000000 e

Example

E,NE case ,|X|=2: x1 a x2 x2 a x3 x3 a xa ¢ REG,

Ecase,|X|=2: x12ax x2bx3 x3ax €REG,
NE case ,|X|=2: x31 2ax2 x2 b x3 x3 a xa ¢ REG,
E case ,|X|>3: x12ax x2bx3 x3axs ¢REG,

Ecase ,|X|=2: x12ax x2x ax3 x3bxs €REG,

NE case ,|X|=2: x3 2 x2 x2 a x3 x3 bxs ¢REG,
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Example

E,NE case ,|X|=2: x1 a x2 x2 a x3 x3 a xa ¢ REG,

Ecase,|X|=2: x12ax x2bx3 x3ax €REG,
NE case ,|X|=2: x31 2ax2 x2 b x3 x3 a xa ¢ REG,
E case ,|X|>3: x12ax x2bx3 x3axs ¢REG,

Ecase ,|X|=2: x12ax x2x ax3 x3bxs €REG,

NE case ,|X|=2: x3 2 x2 x2 a x3 x3 bxs ¢REG,
Ecase,|X|>3: x1axx ax3x3bxg ¢REG,
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Example

E,NE case ,|X|=2: x1 a x2 x2 a x3 x3 a xa ¢ REG,

Ecase,|X|=2: x12ax x2bx3 x3ax €REG,

NE case ,|X|=2: x31 2ax2 x2 b x3 x3 a xa ¢ REG,
E case ,|X|>3: x12ax x2bx3 x3axs ¢REG,

Ecase ,|X|=2: x12ax x2x ax3 x3bxs €REG,

NE case ,|X|=2: x3 2 x2 x2 a x3 x3 bxs ¢REG,
Ecase,|X|>3: x1axx ax3x3bxg ¢REG,

LE,{a,b}(Xl dixoxpdaxzxzdsxa) ¢ REG iff dy = dp = ds.
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Example

E,NE case ,|X|=2: x1 a x2 x2 a x3 x3 a xa ¢ REG,

Ecase,|X|=2: x12ax x2bx3 x3ax €REG,
x1-a-(bb)"-b-a-xa

NE case ,|X|=2: x31 2ax2 x2 b x3 x3 a xa ¢ REG,

E case ,|X|>3: x12ax x2bx3 x3axs ¢REG,

Ecase ,|X|=2: x12ax x2x ax3 x3bxs €REG,
x1-a-(bb)"-a-b-xa

NE case ,|X|=2: x3 2 x2 x2 a x3 x3 bxs ¢REG,

Ecase,|X|>3: x1axx ax3x3bxg ¢REG,

LE,{a,b}(Xl dixoxpdaxzxzdsxa) ¢ REG iff dy = dp = ds.
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A Sufficient Condition for Regularity
@00

Two Basic Lemmas

Lemma 1: LE,{a,b}(ﬂ-y-/B/~a-'y-b-5'-z‘6) = Lg {ap}(B-y-ab-z-6),

e 3,0 € ({a,b} UX)*,

e B,v,0 € X*,

oy, ze X, |a|y =lal; =1,

o var(B -y ) Nvar(B8-6) =10,
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A Sufficient Condition for Regularity
@00

Two Basic Lemmas

Lemma 1: LE,{a,b}(ﬂ-y-/B/~a-'y-b-5'-z‘6) = Lg {ap}(B-y-ab-z-6),

Lemma 2: Lg (a1} (8-y-B"-ay-a-6"-2:0) = Lg ap}(5-y-a(bb)*a-z-9),

e 3,0 € ({a,b} UX)*,

B',v,8 € X*,

v,zeX, laly, =lal; =1,

var(B - -d8)Nvar(B-5) =0,

there exists a z' € var(y) with |a|, =2,

|7]x is even, x € var(7).
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A Sufficient Condition for Regularity
ooe

Example

X1 aX2X§bX4X3X5X6X72X3X9X5X3 axgXgXqXgX10bx11axiobxyzaxiaxy 5bx125x126bx17
xjaxpbaxigbxiiaxiobxys aX14X15bX125X126bX17

xjaxpbaxigbxjjaxiobxys ax14b(aa)*bx17

= LE7{a7b}(x1axzbaxlobxllax12bx13ax14b(aa)*bx17) € REG.
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Conclusion

Patterns (with repeated variables) describe generalisations of the
copy language.

If the corresponding terminal alphabet is small, then the complex
“copy” structure may collapse.

Complicated looking patterns may describe simple (i. e. regular)
languages in an unexpected way.

The copy language is non-regular and non-context-free, ...

...but we have to be careful with “copy-like” languages.
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